
 The Kraus representationofCPTPmaps
The A map E T T is CPTP if andonlyif there exists aset Mx of

operators such that
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Theactionof a mapmay be represented bytaking the expectationvalue on the
stochastic applicationof the Krausoperators with the appropriate probability Indeed
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because Tr MapMI is avalid probability distribution as

pm Tr MnpMri Tr Mimup MIMn plus 70 as they are bothpositive
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If we apply thesame mapmultiple times
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And so on Moralofthe story we can reproduce theactionof amap by stochastic

applicationof its Kraus operators A single sequence ofoutcomes is a quantum trajectory



Now note that each Mn operator canbe seenas a POVM element thisformalism

allows usto describe systemsundergoing continuous measurements Thatis
measurementback action
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Now continuous time

Assume infinitesimal timesteps ofduration at a 1 Want to write amap that evolves

Pt to pt dt via
its Kraus operators With a single Krausop itwouldbe aunitary so

assume two We alsowant that nothing happensfor dt o hence
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So we have the CPTP toorder at map Mo I_ L'Ldt itedt

My Lot

Average over trajectories byhand fornow
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that is the GKSLmaster equation

In time we can think that at eachstep there is astochastic choice ofeither Me orMy
In particular Mo isappliedwith probability
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and Ms

pi Tr MIAMI
We used to use a to represent the outcome ateachstep Now letus callit IN to

represent its infinitesimal nature Ofcourse dN 0,1 henceINE dNe
Furthermore
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Hence with abitof mathematical clumsiness we say dNt O dt

Let us write our evolution on a trajectory as
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ifMoisselected ifMyischosen dNt Poissonincrement

key property I piedt should yield theGRSL masterequation

Proof Albarelli Genon Phys Lett A 2023 e.g

Why should we care It is a natural description of systems undergoing continuous
monitoring via directphotodetection



And then we could close theloop and

F D upon the systembased onthe measurement

e.g forthepreparationof astate

feedback
Hari's lecture 19103

Led by this experimental insights we can consider different measurementschemes correspond
to different unravellingsofthe GKSL equation

Collisionalperspective

Alternatively we can introduce trajectoriesby thinking ofcollisional models
Interactionbetween system andenvironment

Fockstatesofhe
givenby the Hamiltonian Hint givenby
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where a bosonic fermionic ladder operator

on the system and by bosonic operator onthe ancilla attime t

Ult dt exp a a bi at b

Hamiltonianof the system yields the GUSI equationagain

But now assume we measure theancillawhen it comesout
measure eigenstates lus of be photodetectionseeabove

measure eigenstates as of b tbf homodyne
i etc

Let us considerthesecond case Unnormalised conditionalstate ofthe systemafter



interactingwith ancilla at timestep t
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Expand U at order Fa
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Nowbyusingthe shapeofthe eigenfunctionofthe harmonicoscillator ontheposition
basis Hermite functions define p x Kalos and alt Erps
Then
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The probability isthetraceofthe unnormalisedstate a Gaumanwithvariance and

mean value REF atatpit



deterministic component of mean random Gaussian variable Def

dy That at It dwt infinitesimal change

with Var dwt dt I dwt 0

dwt istheWienerincrement and satisfies the rules of Its calculus The mostimportant

dwf It Itd rule

the infinitesimal current isthe exp valueofthe quadrature n plus some whitenoise

Obtain an equivalentSME H A A A A At

dpk t F H a p t dw o rat

and thenobtain termsat order at byimposing theGKSL er foraverage

Recap

Darrin

jumpwraveling

diffusive unraveling



Amore fundamental question do systems emit It depends onhow they are observed


