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Recall:

Definition

Let (S, .A) be a sample space and a collection of events, i.e.
subsets of S. A probability is a function P that assigns to all
events a number between 0 and 1 (mathematically:

P : A — [0,1]) such that the two Axioms of Probability hold:

Q P(S)=1,
Q@ P(ALUAU---) =3 P(A)), whenever A, A, ... are
mutually exclusive events in A.

@ Any definition or interpretation of probability must satisfy
these conditions.
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Classical definition

Definition
The classical definition of probability assigns to the event A C S
the number Al
P(A) = —.
S|

@ Is this a probability?
@0<PA)<1(ACYS)

@ P(S)= % = 1 (1st axiom)
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Let A1, Ay, ... be mutually exclusive. Then

CJATUAU- -
S|
_ Al Agf -
S|
A1l A2

i T
S| IS

_y Al
_Zi: S|
:ZP(Ai).

P(ALUA U ---)

= Yes, P is a probability.
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Alternative Way

@ For every possible outcome s; € S, define the number

1

pi:@-

= this assumes that every outcome is equally likely.
@ “Recover” the classical probability as follows:

°
P(A) = Y px,

{keA}

since

_ 1 HkeAl Al
2 =2 g = s s

{keA} {keA}
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Example: Roll a die

@ S=1{1,2,3,4,5,6}.
@ Let:

A = {an even number occurs} = {2,4,6}.
@ Then:

_ A 2,46} 3 _1

A) = 2 ===z
(A =18~ TL234561 6 2

@ Or: “allk in A” are 2, 4, and 6,
@ SO:

_l’_

ol -
ol
N =

1
P(A)= > Pc=P2+Patps=¢+
{keA}
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Relative frequency definition

Definition
LetS = {s;,...,Sn} be a sample space and let py,p2, ..., pn
be such that

Q allpjarein|0,1] and

Q@ >Xlip=1

The relative frequency probability assigns to every event A the

probability
P(A) = ) px.
{keA}

@ Classical definition is special case of relative frequency
definition:
= p1=--=pn=1/S|.
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Is this a probability?

@ P(A) > 0 (since all p’s non-negative)
® P(A) = > (keay Pk < Dqkes) Pk = Dk Pk = 1.

@ Firstaxiom: P(S) = > sy Pk = 2ok—1 Pk = 1.
@ Second axiom: Let Ay, A,, ... be mutually exclusive. Then

P(ALUAU--)= > py
{keA UAU-- }

= Z Pk

{keA }u{keAz}U---

DBt D Pt

{keAr} {keAz)
=P (A1) +P(A2) + ZP (A).
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Example
Roll a die

You rolled a die 1,000 times and observed:

os

0.45

0.4

0.3s

o
W

0.25

rel. frequency
o
2o
Y

o
b

0.05

)
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Example (cont'd)

@ Classical probability (p; = --- = pg = 1/6)? No!
@ Relative frequencies: p, = --- = pg = 1/10.

@ Since °°, pi = 1, we must take p; = 1/2.

@ LetA={2,4,6}. Then

1 1 1 3
PA)= > Pk=P2+PatPs=15"175"10 = 15"
{keA}
@ LetB = {1,3,5}. Then
11 1 7
P(B)= > Pc=P1t+P2+Ps=5+75+15= 10

{keB}
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